We consider Alternating Direction Implicit finite difference schemes for the numerical solution of initial boundary value problems for convection diffusion equations type with mixed derivatives and non-constant coefficients, as they arise from a beta stochastic volatility model in option pricing. We present various numerical examples with realistic data sets from the literature, where we consider European call options. The tested numerical methods provide an accurate and fast way of calculating option prices under a beta stochastic volatility model.
Introduction
Stochastic volatility models present one approach to solving one of the shortcomings of the Black-Scholes model. Some well known examples of stochastic volatility models are introduced by Hull and White [6] , Heston [5] , Hagan et al [4] and Lipton [13] . These models, which are widely used among practitioners, assume that also the volatility follows a stochastic process. For some models, vanilla options can be priced in an analytic way. However, for more exotic options an analytic formula is not available and other methods need to be used to approximate the prices.
In this paper, we will look at option pricing in a more general setting than in the Black-Scholes framework. We will especially look at the Beta Stochastic Volatility (BSV) model suggested by Karasinski and Sepp [10] . The BSV model is introduced to overcome the disadvantages of other existing models: Bardhan-Karasinski [1] , Langnau [12] and Sepp [15] . The model parameters can be naturally interpreted and easily implied from historical and current market data. The model dynamics incorporating the local volatility with calibration that can be implemented using conventional partial-differential equations (PDE) methods. The PDE approach makes use of the fact that the price of an option in a stochastic volatility model can be represented by a two dimensional convection diffusion PDE. The finite difference method (FDM) is a proven numerical procedure to obtain accurate approximations to the relevant PDE. For the numerical discretization of the BSV-PDE, we investigate three Alternating Direction Implicitan (ADI) schemes. An ADI scheme proposed by Douglas & Rachford [3] , an ADI scheme introduced by Craig & Sneyd [2] , and modified by In't Hout & Welfert [9] , and an ADI scheme introduced by Hundsdorfer & Verwer [7] . This paper is organized as follows. First, we present the model dynamics and its discretization by Euler scheme illustrated by simulations. Then, we derive the BSV-PDE with initial and boundary conditions for European call options. Finally, we present the ADI schemes to obtain the European call price by solving the BSV-PDE along a two-dimensional grid representing the stock price and the volatility. We show how to construct uniform and nonuniform grids for the discretization of the stock price and the volatility, and present formulas for finite difference approximations to the derivatives in the BSV model. The methods can easily be modified to allow for the pricing of European puts which requires a reformulation of the boundary conditions. In many cases, however, it is simpler to use put-call parity to obtain the put price.
Beta Stochastic Volatility Model
The BSV model was first introduced in 2012 by Karasinski & Sepp [10] . One of the important features of this model is that its key parameter β has a natural interpretation as the rate of change in the short term ATM (at-the-money) volatility given change in the stock price. The remaining two parameters -the idiosyncratic volatility of volatility and the mean-reversion rate have lesser impact on forward skews and also can be estimated from historical data without the need to apply time-expensive and obscure non-linear fits.
Model Dynamics
The BSV model is expressed on terms of the spot price S t and the stochastic volatility v t :
where: β is the rate of change in the volatility; ε > 0 is idiosyncratic volatility of volatility; κ > 0 is the mean-reversion speed; ν > 0 is the mean of the volatility; µ t is the risk-neutral drift; W 
Euler Scheme for the BSV Model
We assume that the stock price S t and its volatility v t are driven by the stochastic process (1) and (2) . We simulate S t and v t over the time interval [0, T ], which we assume to be discretized as 0 = t 1 < t 2 < . . . < t m = T , where the time increments are equally spaced with width dt. To discretize the two process in the stochastic differential equations (SDE) (1) and (2), the simplest way is to use Euler discretization.
Discretization of v t :
The SDE for v t in (2) in integral form is
The Euler discretization approximates the integrals using the left-point rule
where Z 1 and Z 2 are randoms draws from the standard normal distribution N (0, 1). The right hand side involves (ν − v t ) rather than (ν − v t+dt ) since at time t we dont know the value of v t+dt . This leaves us with
Discretization of S t : In the same way, the SDE for S t in (1) is written in integral form as
We end up with
Process for (S t , v t ): Start with the initial values S 0 for the stock price and v 0 for the volatility. Given a value for v t at time t, we first obtain v t+dt from (3) and we obtain S t+dt from (4).
Derivation of a BSV-PDE
We consider the following general stochastic process
Using Feynman-Kac [13] one can derive that the price of an option or derivative is the solution of a PDE. The general stochastic volatility process (5) is used. It is assumed that the price of an option or a derivative u with underlying asset S with volatility v is a function of the price of this underlying asset, the volatility and time: u = u(S, v, t). Thanks to the Itô's formula, we obtain 
where
We consider the self-financing portfolio π consisting of one derivative u , −δ 1 shares of the underlying stock S and −δ 2 units of another derivative φ. The dynamics of the self-financing portfolio will be:
According to (5) and (6), this yields
Rearranging terms results in:
For π to be risk-free self-financing portfolio, δ 1 and δ 2 must satisfy the following system:
this yields
For the absence of arbitrage, portfolio returns must be equal to the following
Assuming that µ S = rS and using (8) , the last equation can be rewritten as
Within the framework of BSV model, we have
Resulting in a more elegant form of the general PDE:
Boundary conditions
The equation (9) has several solutions corresponding to all derivatives that may have s as underlying asset. Each solution is characterized by the boundary conditions. For the PDE in Equation (10), we use the boundary conditions for a European call explained by Heston [5] and by In'T Hout and Foulon [8] , among others. Let u(s, v, t) denote the price of a European option. To obtain an approximate solution of problem (9), we change the direction of time to integrate the equation in the direction of increasing t. It has been the parabolic PDE ∂u ∂t
Initial condition for a European call option:
where K is the strike of the option. Boundary conditions for European call option, with (0 ≤ t ≤ T ):
Numerical discretization of the BSV-PDE
Finite difference methods are techniques to find a numerical approximation to the PDE. To implement finite differences, we first need a discretization grid for the two state variables (the stock price and the volatility), and a discretization grid for the maturity. These grids can have equally or unequally spaced increments. Second, we need discrete approximations to the continuous derivatives that appear in the PDE. Finally, we need a finite difference methodology to solve the PDE. We use the same techniques as in [14, Chapter 10].
Mesh definitions 3.1.1 Uniform grid
Uniform grids are those that have equally spaced increments for the two state variables. These grids have two advantages. On the one hand, they are easy to construct, on the other hand, since the increments are equal, the finite difference approximations to the derivatives in the PDE take on a simple form.
To discretize the computational domain [0,
, we partition the domain in space using a mesh
and in time using a mesh
• t n = n * dt, n = 0, ..., n t , dt = T /n t
Non Uniform grid
Following the work of Kluge [11] and In'T Hout & Foulon [8] , we apply a non-uniform grid that is finer around the strike price K and around the spot volatility v 0 = 0. Their grid of size m s + 1 for the stock price is
• c > 0 is a constant that controls the fraction of the mesh points s i that lie around s = K
• ξ 0 < ξ 1 < · · · < ξ ms are equidistant points given by 
Derivatives approximation
Starting from the following approximations, calling u n i,j the numerical approximation of the exact solution at the grid point (i, j, n):
when uniform grids are used, the denominators are replaced by 2ds and 2dv, respectively.
Second-order derivatives
We consider the central differences for second-order derivatives as presented in [11, 8] .
When uniform grids are used, the denominators are replaced by ds 2 and dv 2 , respectively.
Mixed derivative
Finally, the mixed derivative of an interior point appears in [11] as
where the coefficients are
,
.
In these coefficients, the increments are ∆s i = s i − s i−1 and ∆v j = v j − v j−1 . When the grid is uniform, the mixed derivative reduces to the much simpler form:
ADI schemes
ADI schemes have the advantage of being stable and showing good convergence for a small number of time points. After having discretized the PDE (10) in space and using U (t) = U (s, v, t) as compact notation, we obtain a large system of ODEs of the form:
U represents, for each t > 0 , the solution to the finite difference scheme at the grid point (s, v), i.e., the approximation to the exact solution u(s, v, t). The idea behind ADI schemes is that the components of L are treated separately, so that certain components are treated explicitly, and others implicitly.
ADI Matrices
We decompose L into three matrices A 0 , A 1 and A 2 , so that
The system of equations can be solved using various ADI schemes that all work iteratively, by updating a given U (t − 1) to a new value U (t). All the schemes require an initial value U 0 . For the call option, this initial value is exactly the payoff of this option. Denote by I the identity matrix. The schemes covered by [8] and [14] are the following.
Douglas-Rachford (DR) Scheme [3]
This is the simplest ADI scheme under consideration. Given U (t − 1) , we update to U (t) using the following steps.
Step 1.
Step 2.
In't Hout -Welfert (IW) Scheme
This scheme has recently been introduced by In't Hout & Welfert [9] to obtain more freedom in the choice of the parameter θ as compared to the second-order Craig-Sneyd Scheme [2] .
Step 6. Set U (t) =Ỹ 2 .
Hundsdorfer-Verwer (HV) Scheme
The HV scheme has been introduced by Hundsdorfer & Verwer [7] . This scheme is a different extensions to the DR scheme.
θ-schemes
The parameter θ controls the type of weighing being implemented. θ = 0 produces the fully explicit scheme, θ = 1/2 produces the Crank-Nicolson scheme, θ = 1 produces the fully implicit scheme. An ADI scheme is specified by the scheme itself and the value of the parameter θ.
Numerical experiments
To illustrate and check the model performances, we will present the results of the simulations given by the ADI schemes. We use a European Call option whose the exact price under Heston model using the closed-form solution, is 4.5806. The parameters used in our numerical experiments are K = 100; r = 0.025; T = 0.15 years; κ = 1.5; ν = 0.04; β = −0.2; ε = 0.03; Tables 1 for the uniform  grid and in Table 2 for the non-uniform grid. 
Conclusions
In this paper, we have derived a PDE from the Beta Stochastic Volatility model, the resolution of which gives the price of a European option as a function of the time, the price of the underlying asset and the volatility. We have presented some of the finite difference methods that are commonly used to obtain European prices. A comparative numerical results was presented following three Alternating Direction Implicit schemes, especially: Douglas -Rachford, In't Hout -Welfert and Hundsdorfer -Verwer, which have the advantage of being stable and showing good convergence for a small number of time points.
